Motivated by the weight part of Serre's conjecture we consider the following question. Let K/Qp be a finite extension and suppose ρ : G K → GLn(Fp) admits a crystalline lift with Hodge-Tate weights contained in the range [0, p]. Does ρ admits a potentially diagonalisable crystalline lift of the same Hodge-Tate weights? We answer this question in the affirmative when K = Qp and n ≤ 5, and ρ satisfies a mild 'cyclotomic-free' condition. We also prove partial results when K/Qp is unramified and n is arbitrary.
Introduction
Let p be a prime and K/Q p a finite extension. A potentially diagonalisable p-adic representation of G K is one which is potentially crystalline and which, possibly after restriction to G K ′ for an extension K ′ /K, lies in the same irreducible component of a potentially crystalline deformation ring as a representation which is a sum of crystalline characters. The notion was introduced in [2] where very general change of weight theorems for automorphic Galois representations were proven under the assumption that the representations in question are potentially diagonalisable above p, cf. [2, Theorem E].
One motivation for these theorems comes from the following question, which is a generalisation of Serre's classical modularity conjecture. If F is an imaginary CM field and r : G F → GL n (F p ) is continuous and irreducible, then what are the possible weights for which there exists an automorphic representation giving rise to r? About this very little is known, but if one assumes that r is automorphic of some weight then the outlook is better-in this case if r v admits a potentially Max Planck Institute for Mathematics, Bonn E-mail address: robinbartlett18@mpim-bonn.mpg.de. 2010 Mathematics Subject Classification. 11F80; 11F33. diagonalisable crystalline lift at each place v | p of F then, under a Taylor-Wiles hypothesis, it can be shown that r is automorphic with weight equal to the Hodge-Tate weights of the lifts of r v , cf. [1, Theorem 3.1.3] or [4, Theorem 5.2.1] . Since representations associated to automorphic forms which are unramified above p are crystalline above p, one is lead to the following (purely local) question:
Question. Let K/Q p be a finite extension and let ρ : G K → GL n (F p ) be a continuous representation. If ρ has a crystalline lift 1 then does ρ have a potentially diagonalisable crystalline lift with the same Hodge-Tate weights?
When the answer to this question is yes one can deduce cases of the weight part of Serre's modularity conjecture. In particular the results of this paper can be applied in this way. However, since our focus here is local, we do not express these applications explicitly.
When K/Q p is unramified Hui Gao and Tong Liu [10] have shown that any crystalline representation with Hodge-Tate weights contained in [0, p − 1] is potentially diagonalisable, so in this case the answer to the question is yes. When n = 2 and the weights are contained in [0, p] the answer is also known to be yes by work of Toby Gee, Tong Liu and David Savitt [12, 13] (see also the work of Xiyuan Wang [19] who extended their proof to the case p = 2). These results were used to establish the weight part of Serre's conjecture in dimension two. When K/Q p is unramified, the author [3] has shown the answer is yes for weights in [0, p] and semi-simple ρ of any dimension.
In this paper we address the question for weights in the range [0, p], in the presence of non-split extensions. Our methods are generalisations of those employed in [12, 13] to dimensions > 2. Such generalisations have already been made by Hui Gao [8, 9] in the case when every Jordan-Holder factor of ρ is one-dimensional (and under some additional conditions). The main innovation in this paper is to put the calculations used in the works mentioned above in a more conceptual framework. This allows us to consider representations whose Jordan-Holder factors are not one-dimensional, and to remove some of the conditions appearing in Gao's work.
One crucial assumption that is necessary for our methods is that ρ be cyclotomicfree (cf. Definition 2.1.1). This is an n-dimensional generalisations of the avoidance of representations of the shape ( χcyc * 0 1 ). Our first theorem is then the following. Theorem A. Let ρ : G K → GL n (F) be continuous and cyclotomic-free. Suppose there exists a crystalline representation ρ : G K → GL n (Z p ) with ρ ∼ = ρ ⊗ Z p F p and with Hodge-Tate weights ∈ [0, p].
If K = Q p and n ≤ 5 then there exists a potentially diagonalisable crystalline representation ρ ′ with ρ ∼ = ρ ′ ⊗ Z p F p and with Hodge-Tate weights equal to those of ρ.
In particular the question has the answer yes for ρ as in Theorem A. As we shall explain below, the assumptions K = Q p and n ≤ 5 ensure that certain irreducible semilinear objects have a particularly simple form and admit crystalline lifts. Beyond these low dimensional cases the situation is more complicated; this is what prevents us from answering the question in greater generality. However, when 1 By a crystalline lift we mean a crystalline representation ρ : G K → GLn(Zp) such that ρ ⊗ Z p Fp ∼ = ρ the Jordan-Holder factors of r are one-dimensional this issue does not arise and we are also able to prove: Theorem B. Suppose K/Q p is unramified. Let ρ : G K → GL n (F) be continuous and cyclotomic-free. Suppose there exists a crystalline representation ρ : G K → GL n (Z p ) with ρ ∼ = ρ ⊗ Zp F p and with τ -Hodge-Tate weights in [0, p] for each τ ∈ Hom Fp (k, F p ).
If every Jordan-Holder factor of ρ is one-dimensional then there exists a potentially diagonalisable crystalline representation ρ ′ with ρ ∼ = ρ ′ ⊗ Z p F p and with τ -Hodge-Tate weights equal to those of ρ for every τ ∈ Hom Fp (k, F p ).
This gives a more general version of the main results of [8, 9] . We now explain how potentially diagonalisable lifts may be produced. Every mod p representation is a successive extension of irreducible representations, each of which is induced over an unramified extension of K from a character. Thus the standard method for producing potentially diagonalisable lifts is to consider lifts obtained in the same way, by taking successive crystalline extensions of irreducible representations obtained by inducing crystalline characters. Such lifts are called obvious lifts (following terminology introduced in [11, Subsection 7.1]) and it is straightforward to see that obvious lifts are potentially diagonalisable (see the beginning of Section 7). In both Theorem A and B the ρ ′ constructed will be obvious lifts.
There are two issues with this method of producing obvious lifts. Firstly, it is probably not true that every mod p representation has an obvious lift. Recent work of Matthew Emerton and Toby Gee shows, using geometric methods, that potentially diagonalisable lifts can always be obtained, but their methods involve an inductive process where obvious lifts are allowed to vary inside irreducible components of deformation rings. We avoid this problem by restricting attention to cyclotomic-free representations. Secondly, even if one can produce obvious lifts, the Hodge-Tate weights of such lifts seem to be very restrictive. They depend upon ρ in a non-obvious way, and it is unclear that if ρ has a crystalline lift of some weight then it will be possible to construct an obvious lift of the same weight.
In this paper we resolve this second issue by by not producing obvious crystalline lifts of ρ but of a semilinear object related to ρ. More precisely, if ρ admits a crystalline lift then Kisin's work in integral p-adic Hodge theory [14] associates to this lift a Breuil-Kisin module. We produce obvious crystalline lifts of the mod p reduction of this Breuil-Kisin module (i.e. we produce obvious lifts whose associated Breuil-Kisin module is congruent modulo p to the one arising from the previous crystalline lift). Our assumption that ρ is cyclotomic-free means that this obvious lift will also be an obvious lift of ρ. The key ingredient which makes this possible is a theorem of Gee-Liu-Savitt which says that the Breuil-Kisin module of a crystalline representation with Hodge-Tate weights contained in [0, p] is of a particularly nice form; in particular it's reduction modulo p sees the Hodge-Tate weights of the crystalline representation it was obtained from.
We conclude our introduction by explaining the content of this paper. Section 2 discusses the cyclotomic-freeness condition and its consequences. The main result is that, if K ∞ is the extension of K obtained by adjoining a compatible system of p-th power roots of a uniformiser of K, then any G K∞ -equivariant morphism between cyclotomic-free G K -representations is G K -equivariant.
In Section 3 we recall the notion of a Breuil-Kisin module. We state Kisin's construction which associates a Breuil-Kisin module to a crystalline representation and the result of Gee-Liu-Savitt which controls the shape of such Breuil-Kisin modules. We also recall from [3] the notion of strong divisibility for p-torsion Breuil-Kisin modules, and some of the properties such modules satisfy.
In Section 4 we compute the space of extensions of strongly divisible Breuil-Kisin modules. The dimension is closely related to the dimension of crystalline extensions in characteristic zero, and in Section 5 we use this to show that extensions between strongly divisible Breuil-Kisin modules admit lifts by crystalline extensions.
The previous two sections reduce the problem of lifting strongly divisible Breuil-Kisin modules to that of lifting irreducible such modules. In general the structure of such modules is complicated, and we do not know how to produce such lifts. However we show in Section 6, by explicit computation, that in low dimensional situations (when K = Q p and n ≤ 4) their structure can be controlled so that crystalline lifts can be produced. In the final section we put these results together to prove the theorems stated above. 
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Cyclotomic-free representations
For this section let K/Q p be any finite extension. Let K ∞ = K(π 1/p ∞ ) where π 1/p ∞ is a fixed choice of compatible system of p-th power roots of a uniformiser π ∈ K. Our aim is to understand restriction from G K to G K∞ for a class of representations we call cyclotomic-free.
If G is a topological group denote by Rep(G) the category of continuous representations of G on finite dimensional F p -vector spaces. In this section all unadorned tensor products are over F p .
2.1. Cyclotomic-free representations. For any field F of characteristic p let F(1) denote the G K -representation whose underlying vector space is F, with G K -action given by the mod p cyclotomic character χ cyc .
and we ask that for each i no block above
In particular cyclotomic-freeness is ruling out representations of the form χcyc * 0 1 .
Note in the definition of cyclotomic-freeness we require that one composition series of V satisfies the conditions describes in (2.1.1), not that every one does.
is cyclotomic-free then any subquotient of V is cyclotomic-free also.
Proof. Suppose f : V → W is surjective and let (V i ) i be a composition series as in Definition 2.1.1. On the other hand the class of cyclotomic-free representations is not closed under extensions; if the mod p cyclotomic character is trivial it is not even closed under direct sums.
The main result of this section is:
We give a proof over the next three subsections.
2.2.
Restriction for irreducibles. Let K t be the maximal tamely ramified extension of K. Since K ∞ is totally wildly ramified K ∞ ∩ K t = K. Galois theory then tells us the restriction map This implies Theorem 2.1.3 holds when V and W are irreducible. It also implies that any G K -composition series of V ∈ Rep(G K ) is also a G K∞ -composition series. In particular, if V is cyclotomic-free in the sense of Definition 2.1.1 then V | GK ∞ is cyclotomic-free in the following sense.
is not a Jordan-Holder factor of V i+1 . We have written Ind K L in place of Ind GK GL and we continue with this notation throughout.
If G is a topological group and V, W ∈ Rep(G) write Hom(V, W ) ∈ Rep(G) for the representation with underlying vector space Hom F p (V, W ) and G-action given by 
, and so the claim is also true for the restriction map H 1 (G K , Ind K L Z) → H 1 (G K∞ , Ind K L Z). Return to the statement of the lemma. As W is irreducible W ∼ = Ind K L Z for a one-dimensional Z. The projection formula gives Hom(V,
with γ running over some subset of G L and where Y (γ) = Y as vector spaces with G F L -action given by σ(y) = (γσγ −1 )(y). Therefore
). By the previous paragraph, these maps are injective unless Z ⊗ Y (γ) ∼ = F p (1). However if this is the case then (2.3.4) implies
is not a Jordan-Holder factor of W . Then
is an isomorphism if i = 0 and is injective if i = 1. 
Proof
which commutes and has exact rows. By the inductive hypothesis the first vertical arrow is an isomorphism, and the second and fourth are injective. A diagram chase shows that the third is injective also. Similarly we obtain the diagram
which commutes and has exact rows. Again the inductive hypothesis implies the first and third vertical arrows are isomorphisms, and the fourth is injective. A diagram chase shows the second is an isomorphism, which finishes the proof. 
2.4. Proving the theorem.
Proof. Let (W j ) j be a composition series as in Definition 2.1.1. There is a largest j such that f factors through W j ֒→ W ; so long as f = 0 (in which case the lemma is trivial) the composite g :
Now consider the commutative diagram
If we identify V /V n−1 = W/W n−1 and V n−1 = W n−1 via the outer arrows of the above diagram, the map f shows that the two horizontal rows in the diagram define the same class in Ext 1
Rep
). Lemma 2.3.5 therefore implies these two rows define the same class in Ext 1
Stable lattices.
To conclude this section fix a finite extension E/Q p with ring of integers O and residue field F. By using the above we shall show that
If G is a topological group acting linearly and continuously on a topological abelian group M then let Z 1 (G, M ) denote the group of continuous 1-cocycles
Let m denote the maximal ideal of O. We claim there exists µ ∈ m such that 
Proof. In the usual way the extension (2.5.3) defines a continuous 1-cocycle c :
). The extension of (2.5.3) to G K after inverting p produces an extension of c to an element of
To show Z is G K -stable it suffices to show this extension of c lies in Z 1 (G K , Hom(V, W )), and this follows from Lemma 2.5.1.
Breuil-Kisin modules
In this section we recall the theory of Breuil-Kisin modules and their relationship to crystalline Galois representations.
Throughout let k denote a finite field of characteristic p. Write K 0 = W (k)[ 1 p ] and let K be a totally ramified extension of K 0 of degree e. Let C denote the completion of a fixed algebraic closure of K, with ring of integers O C .
We equip this ring with the Z p -linear endomorphism ϕ which acts on W (k) by the Witt vector Frobenius and which sends u → u p . Fix a uniformiser π ∈ K and let E(u) ∈ S denote the minimal polynomial of π over K 0 .
. Denote the category of Breuil-Kisin modules by Mod BK K . We now recall the connection between Breuil-Kisin modules and crystalline representations. As in the previous section choose a compatible system π 1/p n of p n -th roots of π in C, and let
This inclusion is compatible with ϕ on S and the Witt vector Frobenius on A inf . Note that the G K -action on O C /p induces a G K -action on A inf , and via this action
Proof. This is proven in [6] . We refer to [3, Proposition 4.1.5] and [3, Construction 4.2.3] for more details.
In the following theorem a crystalline Z p -lattice is a G K -stable Z p -lattice inside a crystalline (in the sense of [7] ) Q p -representation of G K . Proof. The functor T → M (T ) was first constructed by Kisin in [14] . The formulation we have given here is that in [5, Theorem 4.4 ].
Coefficients.
In practice it is sometimes necessary to consider crystalline representations valued in extensions of Z p . Kisin's construction can be suitably adapted to allow this, provided the coefficient ring is finite over Z p . 
], the product running over τ ∈ Hom Fp (k, F) (we abusively write τ also for its extension to an embedding τ : W (k) → O). Let e τ ∈ S ⊗ Zp O be the idempotent corresponding to τ . As e τ is determined by the property (a ⊗ 1) e τ = (1 ⊗ τ (a)) e τ for a ∈ W (k), the map ϕ ⊗ 1 sends
Proof. If M is free over S then the O-module M/uM is free over W (k), is torsion-free, and is therefore free over O. 
Strong divisibility.
We now explain what it means for a p-torsion Breuil-Kisin module to be strongly divisible. After a result of Gee-Liu-Savitt (Theorem 3.3.9) strong divisibility is closely related to the reduction modulo p of crystalline representations.
Note that since E ≡ u e modulo p, a p-torsion Breuil-Kisin module is a finitely generated k
From now on all Breuil-Kisin modules will be considered with O-action. 
if and only if the map N → P is a strict 2 map of filtered modules.
Proof. This is [3, Proposition 5.4.7] .
Recall that if V is a crystalline representation of G K on an E-vector space and
Thus HT τ (V ) contains e dim E V integers and our normalisations are such that the Hodge-Tate weight of the cyclotomic character is −1 (or rather e copies of −1).
The following theorem relates Mod SD k (O) to reductions of crystalline representations. We must assume that K = K 0 and that if p = 2 then π is chosen so that K ∞ ∩ K(µ p ∞ ) = K (such π exist by [19, Lemma 2.1]). Proof. When p > 2 this follows by reducing the description of M (T ) given in [12, Theorem 4 .22] modulo a uniformizer of O. The case p = 2 is proven in [19, Theorem 4.2] . 3 
Strongly divisible extensions
We maintain the notation from the previous subsection. Our aim here is to compute dimensions of the space of extensions of strongly divisible Breuil-Kisin modules.
Throughout we shall use the following construction. 
3 When using results from [12, 19] 
Dimension calculations.
We now compute the dimensions of H 1 SD . Our proof will use that for M ∈ Mod 
For the rest of the proof consider the inclusion uM → M . It induces a commutative diagram whose rows are exact.
The snake lemma yields a long exact sequence
→ coker α → 0 Provided we have finiteness of the H 1 SD (uM ) and H 1 SD (M ), consideration of the alternating sums of the dimensions in this long exact sequence gives that χ(N ) − χ(uN ) = dim F coker α − dim F ker α, which is equal to the F-dimension of M k minus the F-dimension of Q 1 . We claim that non-canonically
as an F-vector space. This will imply the second part of the lemma. To verify (4.2.2) choose a splitting (as F-vector spaces) of the exact sequence
→ 0 allows us to identify the first term of the above sum with i∈Z ≥1 gr i (M k ). For the second term: splitting the exact sequence 0 → gr i−p (M ) → gr i (M ) → gr i (M k ) → 0 described at the beginning of the subsection shows that gr 0 (M ) = i∈pZ ≤0 gr i (M k ). This verifies (4.2.2). It remains to prove that H 1 SD (M ) is finite. Observe that, except for H 1 SD (M ) and H 1 SD (uM ), all the terms in the long exact sequence above are finite. Therefore finiteness of H 1 SD (M ) can be deduced from finiteness of H 1 SD (u n M ) for large enough n. In fact H 1 SD (u n M ) will vanish for n large enough, as we now show. We need the following lemma, whose proof is straightforward. Proof. Lemma 4.2.3 implies dim F gr i ((uM ) k ) = dim F gr i+1−p (M k ). Note also that H 0 (u n M ) = 0 for large enough n. Thus Lemma 4.2.1 shows (without using that gr i (M k ) = 0 for i < −p)
Since gr i (M k ) = 0 for i < −p the inner sum for n = 0 counts the dimensions of gr i (M k ) for i < 0 and = −p and the inner sum for n = 1 counts the dimension of gr −p (M k ). The remaining inner sums are all zero, which finishes the proof. 
Lifting extensions
In this section we show how to produce crystalline lifts of some exact sequences in Mod SD k (O). We maintain the notation from the previous two sections. 5.1. Isogeny categories of Breuil-Kisin modules. One difficulty which arises when producing lifts of extensions in Mod SD k (O) comes from the fact that T → M (T ) is not an exact functor. However, as the following lemma shows, this functor does become exact after inverting p.
For this we must use that the functor in Theorem 3. 
satisfies an additional property; namely if T is a crystalline
Z p -lattice inside V = T [ 1 p ] then there exists a ϕ-equivariant identification M (T ) ⊗ S O rig [ 1 λ ] ∼ = D crys (V ) ⊗ K0 O rig [ 1 λ ]Hom(P, M ) O ⊗ O F → Hom(P, M ) O [ 1 E ] ⊗ O F → H 1 (Hom(P, M ) O ) ⊗ O F → 0 is exact, it follows that via (5.2.1) we can identify Ext 1 O (P, M ) ⊗ O F = Ext 1 F (P , M ). Analogously, for M ∈ Mod BK-iso K (O) we(P • , M • ) ⊗ O E = Ext 1 E (P, M ).
Lifting extensions.
Our aim is to prove the following.
Proposition 5.3.1. Suppose K = K 0 and if p = 2 suppose further that π is chosen so that
that T 2 is irreducible, and that T 2 ⊗ F F(1) is not a Jordan-Holder factor of T 1 .
Set
is an exact sequence in Mod SD k (O). Then there exists a crystalline extension 0 →
denote the subset whose elements are represented by exact sequences 0
Now consider the diagram
where the maps α and β are those described in (5.2.2) and (5.2.1) respectively. The map γ is obtained by applying V → M (V ) (from Corollary 5.1.2) to exact sequences representing classes in Ext crys (V 2 , V 1 ). This makes sense since V → M (V ) is exact. Exactness of M → M (V ) also implies that this functor preserves pushouts and pullbacks; thus γ is E-linear. Since V → M (V ) is fully faithful we see that γ is injective.
Let Θ ′ denote the image of γ and let Θ denote the preimage of Θ ′ under α.
Our assumption on T 2 and T 1 allows us to apply Corollary 2.5.2; thus T is a G K -stable lattice in V and so M • = M (T ). Theorem 3.3.9 therefore implies β maps every element of Θ into Ext 1 SD (M 2 , M 1 ). The map β can be identified with Ext 1
On the other hand, since α is given by inverting p, the image of α is an O-lattice inside Ext 1 E (M (V 2 ), M (V 1 )) and its kernel is the torsion subgroup Ext 1 O (M (T 2 ), M (T 1 )) tors . Thus we can decompose Θ as
where Θ free is a free O-module of rank equal to the E-dimension of Ext 1 crys (V 2 , V 1 ). Using Lemma 5.3.3 below and formula for the dimension of Ext 1 crys (V 2 , V 1 ) = H 1 f (G K , Hom(V 2 , V 1 )) above, we deduce
By Theorem 3.3.9 we have HT τ (V i ) = Weight τ (M i ). Therefore, by Proposi- 
, M (T 1 )). To compute this latter group consider the exact sequence 0 → M (T 1 )
; the associated long exact sequence reads
is O-free and equals Hom E[GK ] (V 2 , V 1 ) after inverting p the lemma follows.
Lifting irreducibles
In this section we study simple objects of Mod SD k (O) in low dimensions and show they arise from crystalline representations. 
Set y −1 = zx τ •ϕ −1 and for i > 1 set Proof. This is proven in [12, Lemma 6.3]. The lower horizontal arrow is given by Frobenius reciprocity.
Proof. This is [3, Lemma 6.3.4] .
By functoriallity f * and f * induce functors on Mod BK K (O) and Mod BK L (O). The following lemma shows how they also preserve strong divisibility.
and
Proof. This is [3, Lemma 6.3.6]. 
The construction is identical to that given in [3, Subsection 6.5] . For the convenience of the reader we repeat the arguments. After Lemma 6.1.2 we may describe N explicitly as
for some x ∈ F × , with the sum running over θ ∈ Hom Fp (l, F).
Proof. First we show that M being irreducible implies T (M ) is irreducible as a G K∞ -representation. This follows from the next lemma.
which recovers the first exact sequence after applying M → T (M ). Now let us assume that N is as in Lemma 6.1.2, so that N is generated over F [[u] ] by the e θ , with ϕ N (e θ•ϕ ) = xu r θ e θ . Since M → f * N is an isomorphism after inverting u we may consider the smallest integer δ θ ≥ 0 satisfying u δ θ e θ ∈ M . We shall show that δ θ ∈ [0, 1] which shows δ θ is equal to the δ θ defined in the proposition. Let P ∈ Mod BK l (O) be the sub-Breuil-Kisin module of N generated by the u δ θ e θ . The map P → f * M given by u δ θ e θ → e θ (u δ θ e θ ⊗ 1) is ϕ-equivariant and has u-torsion-free cokernel, by definition of the δ θ . Therefore Proposition 3. 
which shows δ θ ∈ [0, 1] unless p = 2, in which case we deduce δ θ ∈ [0, 2]. If p = 2 and δ θ•ϕ = 2 then as r θ + pδ θ•ϕ − δ θ ∈ [0, p] it follows that r θ = 0 and δ θ = 2. Thus if δ θ ∈ [0, 1] for some θ then r θ = 0 for all θ; this implies T (N ) is an unramified character and so Ind K∞ L∞ T (N ) is not irreducible, a contradiction. Remark 6.3.3. The surjection f * M → N can be recovered from the inclusion On the other hand the previous lemma does not hold for every irreducible M ∈ Mod SD k (O). In [3, Subsection 6.8] an example is given when K = Q p and dim Fp T (M ) = 5. We conclude this section by showing this is the lowest dimensional counterexample. We do this by some explicit calculations.
After possibly enlarging F, M ∼ = f * N for a rank one N ∈ Mod SD l (O). Proof. We only consider the case dim F T (M ) = 4, the 2 and 3-dimensional cases being much easier. We put ourselves in the situation of Proposition 6.3.1.
First suppose e θ ∈ M for all θ (i.e. δ θ = 1). Then r θ +p−1 ∈ [0, p] so r θ ∈ [0, 1]. Fix θ ∈ Hom Fp (l, F) and set r := (r θ•ϕ 3 , r θ•ϕ 2 , r θ•ϕ , r θ ). By replacing θ with θ • ϕ i we may assume r is one of the following: (0, 0, 0, 0), (1, 1, 1, 1) , (1, 0, 1, 0), (0, 0, 1, 1)
Note that in the first three cases f * N is not irreducible (consider the sub-Breuil 
One easily checks every V satisfying these properties is one of the following, for some α, β ∈ F × :
In each of (1)-(4) we write e θ•ϕ i when we mean the image of e θ•ϕ i in (f * N )/u(f * N ). To ease notation we now write e i in place of e θ•ϕ i , likewise we write r i = r θ•ϕ i and δ i = δ θ•ϕ i . We now show each of (1)-(4) cannot occur.
• In case (1) the elements e 3 +αe 2 +βe 1 , ue 2 , ue 1 and e 0 of M form an F[[u]]basis. Note then that δ 0 = 0, δ 1 = δ 2 = δ 3 = 1 and so r 0 = 0, r 1 , r 2 ∈ [0, 1] and r 3 > 0. Further since ϕ(e 3 +αe 2 +βe 1 ) = x(u r2 e 2 +u r1 αe 1 +βe 0 ) ∈ M we must have r 1 = r 2 = 1. Therefore, with respect to the above basis, the matrix of ϕ M is Once more M is not strongly divisible.
• In case (4) the elements e3 + αe1, e2, ue1, e0 form an F[[u]]-basis of M . Since δ0 = δ2 = 0 and δ1 = δ3 = 1 we have r0 = r2 = 0 and r1, r3 > 0. With respect to this basis the matrix of ϕM is given by If M is strongly divisible then the rightmost matrix must lie in GLn(F[[u p ]]). Therefore p | r3 − r1; as both lie in [1, p] we must have r3 = r1. However then f * N is not irreducible (consider the sub-Breuil-Kisin module generated by e3 + e1 and e2 + e0).
We conclude that e θ ∈ M for every θ. In other words, M = f * N .
Crystalline liftings.
We deduce the following. Therefore we can take T = Ind K L χ.
Potentially diagonalisable lifts
We use the notation of potential diagonalisability as described in [2] (the definition is given in the paragraph before [2, Lemma 1.4.1]). In practice we shall only use the following elementary observations regarding potential diagonalisability.
• If a crystalline O-lattice T admits a G K -stable filtration F i T whose graded pieces are free O-modules then T is potentially diagonalisable if and only if gr(T ) := gr i (T ) is potentially diagonalisable, cf. property (7) in the list preceding [2, Lemma 1.4.1].
